A completely depolarising quantum channel always outputs a fully mixed state and thus cannot transmit any information. In a recent Letter, a surprising result was shown [D. Ebler et al., Phys. Rev. Lett. 120, 120502 (2018)]: if a quantum state passes through two such channels in a quantum superposition of different orders-a setup known as the "quantum switch"-then information can nevertheless be transmitted through the channels. It is perhaps tempting to attribute this result to the indefinite causal order between the channels. Here, however, we show that a similar effect can be obtained when one coherently controls between applying one of two identical depolarising channels to a target system. Such a situation involves no indefinite causal order; we argue that this result should therefore rather be understood as resulting from coherent control of channels. Additionally, we see that when quantum channels are controlled coherently, information about their specific implementation is accessible in the output state of the joint control-target system. This allows two different implementations of what is usually considered to be the same channel to therefore be differentiated. More generally, we find that to completely describe the action of a coherently controlled quantum channel, one needs to specify not only a description of the channel (e.g., in terms of Kraus operators), but an additional "transformation matrix" depending on its implementation.
The ability to create superpositions of quantum states opens up many advantages for communication and information processing that are inaccessible to classical mixtures of states. Recently, it has been found that, with the help of a coherent quantum control system, the causal ordering of quantum channels can also be put into superposition-in the so-called "quantum switch" [1] and that this allows in particular information to be transmitted through channels which cannot transmit any information when their causal ordering is fixed or controlled classically. For instance, some (classical) information can be transmitted through two completely depolarising channels when placed in a quantum switch [2] .
Here we show that this counter-intuitive result can be reproduced even in the absence of indefinite causal order, and can therefore not simply be attributed to "causal indefiniteness". By considering a dual-railed interferometric setup, we demonstrate that coherent quantum control of two depolarising channels results in an overall transmission of information about the input system passing through the channels. The setup is similar to the quantum switch in that a control qubit coherently determines how the target system passes through the channels; however, here we simply use the control to chose between two separate depolarising channels, rather than the order in which they are applied. Nevertheless, we recover the same result, that information about the target system does propagate through the channels.
Moreover, we show that information about the target system is not the only information that can be recovered. By controlling the channels using a simple coherent control qubit rather than the full quantum switch, one can extract information about the implementation of the depolarising channels themselves. These results demonstrate the power of coherent quantum control to extract information about both states and channels that is inaccessible when these are controlled classically. As well as shining further light on the functioning of the quantum switch, this opens up new possibilities for coherent control as a tool for communication and verification, with potential applications in, amongst other areas, security of quantum channels [3] , and error correction [4] and filtration [5] .
Communication through the "depolarising quantum switch".-The quantum switch is a quantum process comprising a coherent control qubit, a d-dimensional target system, and a pair of "black box" operations implementing two quantum channels C 0 and C 1 [1] . If the control qubit is in the state |0 c , 1 then first C 0 then C 1 is applied to the target system (i.e., the composed channel C 1 • C 0 ), while if the control is in the state |1 c then the operations are applied in the opposite order (i.e., C 0 • C 1 ). Initialising the control system in the state
therefore results in an overall application of a superposition of the two orders. Since, in this case, one cannot say that either operation is definitely applied before another, the quantum switch is said to exhibit indefinite causal order-or, in a more technical jargon, to be "causally nonseparable" [1, [6] [7] [8] [9] . The quantum switch has recently been implemented and its causal indefiniteness verified experimentally [10] [11] [12] [13] .
Indefinite causal order is known to be a resource providing advantages in some tasks over any (quantum or classical) process with a definite causal order [1, 6, [14] [15] [16] [17] [18] [19] . In Ref. [2] , it was observed that, if the channels C i in the quantum switch are taken to be fully depolarising channels N i (i.e., channels that map any initial target state ρ t in to the maximally mixed state 1 t d ), then the overall output state of the switch is not 1 t d . Thus, information can propagate through the "depolarising quantum switch" despite this being impossible for the channels N 0 , N 1 , N 1 • N 0 , and N 0 • N 1 individually.
More precisely, the final state ρ ct out of the whole controltarget system after passing the initial state |+ +| c ⊗ ρ t in through the quantum switch was found to be
This final state retains some dependence on ρ t in , and information can thus be communicated through the setup even though the target system passes (in a superposition of two different orders) through two completely depolarising channels. This somewhat surprising result arising in the presence of indefinite causal order has also been subject to recent experimental confirmation [20] .
Communication through coherently-controlled depolarising channels.-In a standard interferometric implementation of the quantum switch, the target system is routed to the two channels via a pair of beamsplitters [10, 11, 13] . In this work we shall consider instead the state of the joint control-target system after traversing only half of such a quantum switch; that is, after the target system has passed, in a superposition, through the channels only a single time. This situation, a possible implementation of which is shown in Fig. 1 , amounts to coherently controlling between applying either C 0 or C 1 to the target system: if the control qubit is in the state |0 c , then C 0 is applied, while if it is in the state |1 c then C 1 is applied. By preparing the control qubit in the state |+ c , a "superposition" of the two channels is thus applied.
We note that in general, coherent control of completely unknown quantum operations is impossible. However, in interferometer type situations, the setup provides additional information about the structure of the joint control-target Hilbert space that makes such control possible [21] [22] [23] [24] ; indeed, coherent control of unitary operations by such means has been demonstrated experimentally in many scenarios [25] [26] [27] [28] [29] . Specifically, it suffices in our case to know that the joint control-target Hilbert space decomposes as
where the channels C 0/1 act trivially on the subspace H ct 1/0 . Let us consider, as in Ref. [2] , the case where the two channels are fully depolarising channels, C i = N i . These can be realised-as considered in the theoretical analysis of Ref. [2] and implemented experimentally in Ref. [20] for the case of a qubit target system, d = 2-by
The upper-left inset shows a typical photonic implementation of the quantum switch [1, 16] , in which the control qubit is encoded in the polarisation of a photon which is routed by polarising beam-splitters (PBS, ), and the target system is encoded in some internal degree of freedom of the photon (e.g. its orbital angular momentum, as in Refs. [13, 20] ). In the present work we consider only the "first half" of the quantum switch process, as shown in the main figure, i.e., what happens to the joint control-target at the output of the second PBS after the first passage through the channels (instead of feeding it back to the first PBS as in the full switch). This implements a coherent control between the two channels C0 and C1 that the target system undergoes. As in Ref. [2] , we find that if these two channels are fully depolarising channels, then in general there still remains some dependence on the input target state ρ t in in the output state ρ ct out . Moreover, we will see that the above diagram is in fact ill-defined since, when controlled coherently, the channels Ci do not fully determine the output state ρ randomising over a set of d 2 orthogonal unitary opera-
For each random choice of unitary operators (U i , U j ), the control-target system therefore undergoes the unitary evolution |0 0| c ⊗ U i + |1 1| c ⊗ U j . If the control qubit is initially in the state |+ c and the target system is in some state |ψ in t , the joint system thus evolves to the state
Averaging over all choices of orthogonal unitary operators, we thus find that the output state is
where T := [2] , where it was seen to arise when applying N 0 and N 1 in an indefinite causal order. In the example above, however, there is no indefinite causal order and yet the effect remains, contradicting any possible intuition that it should be attributed to causal indefiniteness.
In Ref. [2] , the authors quantified precisely how much classical information can be transmitted by a single use of the depolarising quantum switch (i.e., its Holevo information [30, 31] ). In the Appendix we present a lower bound for the Holevo information of the channel 2 ρ t in → ρ ct out obtained with the setup in Fig. 1 (and with C i = N i ), for qubit target systems. We find that significantly more information can be transmitted by this setup than with the full depolarising quantum switch.
It was further noted in Ref. [2] that if one traces out either the control or target system from the output of the depolarising quantum switch one obtains the completely mixed state, and thus information is transmitted solely in the correlations between the control and target states. In the present example, while it is still true that if the control is traced out the target system is left in the completely mixed state, if one traces out the target from Eq. (3) one obtains ρ
, which still depends on ρ t in . Nevertheless, the control system itself does not contain (at any stage in the interferometer) all of the information about the input target state that gets transmitted to ρ
Instead, the act of coherently controlling the channels entangles the control with the target system, giving a state containing some delocalised information about the target. This is conceptually similar to the effect of quantum phase kickback associated with controlled unitary operations [32, 33] and exploited in quantum algorithms such as quantum phase estimation [27, 34] .
Dependence on channel implementation.-The approach employed above of randomising over unitary channels is not, however, the only way to implement a fully depolarising channel. Recall that in general, a quantum channel C is defined as a completely positive tracepreserving (CPTP) map, and can be described in terms of a (non-unique) set of Kraus operators {K i } i satisfying i K † i K i = 1, such that the output of the channel 2 Recall that the initial state of the control qubit is fixed. As the sender cannot control it, it is not part of the input of the channel ρ t in → ρ ct out considered here (but it contributes to the definition of the channel). Note also that our whole analysis generalises easily to the case of an arbitrary initial state of the control (not necessarily |+ c ).
is given by C(ρ) = i K i ρK † i for every density matrix ρ [32, 35] . If the channels C 0 and C 1 in Fig. 1 are not unitary-or not described, as previously considered, as a (classical) randomisation over unitary channels-it is a priori unclear how to obtain the overall output state ρ ct out from the Kraus operators of C 0 and C 1 . One possible approach to doing so is to "purify" the channels, considering them to be the result of larger unitary channels acting on the target system and (independent) environments whose states are inaccessible and therefore traced out. Any channel can (at least in principle) be represented in this fashion, and a standard way to do so formally-known as Stinespring dilation [36] -is, for a channel C with Kraus operators {K i } i , to introduce an environment in an initial state |ε e and consider the unitary operation that acts on the system under consideration (in our case, the target system) and the environment as follows:
where the ket vectors |i e are (normalised) orthogonal states of the environment. Indeed, after tracing out the environment, we recover
. In the setup of Fig. 1 where the channels C 0 and C 1 have Kraus operators {K i } i and {L j } j , respectively, one may therefore purify the channels by introducing two environments with initial states |ε 0 e0 and |ε 1 e1 . Note that the control qubit must then be seen as controlling the action of the purified unitary extensions of the channels not only on the target system, but also on the corresponding environments. This is nevertheless sensible in the interferometric picture of Fig. 1 where the channels may be seen as black boxes with "internal" environments (and this must also be the case if one uses purified channels in the quantum switch).
Under these controlled, purified channels, the combined control-target-environments state evolves unitarily as
After tracing out the environments, the resulting joint control-target state ρ ct out is found to be
The output state (3), obtained when C 0 and C 1 are depolarising channels implemented as a classical randomisation over d 2 orthogonal unitary operators U i , is recovered by taking
, and the initial states of the environment to be |ε 0 (1) obtained in Ref. [2] as the output of the depolarising quantum switch. We nevertheless emphasise that Eq. (6) gives the output control-target state not only when the depolarising channels N 0 and N 1 are obtained by classical randomisation over unitary channels (in which case the Kraus operators are simply proportional to the corresponding unitary operators, as above), but for any description of the channels in terms of Kraus operators.
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The crucial observation here is that the output ρ ct out depends on the implementation of the channels C 0 and C 1 . The interferometric circuit in Fig. 1 is therefore not fully defined by the channels C 0 and C 1 , or the Kraus operators chosen to represent them. This may appear surprising given that, in the usual paradigm, quantum channels are understood to be fully characterised by their (non-unique) Kraus representation [32, 35] . However, one should note that the description of a channel in terms of Kraus operators is unchanged under addition of any global phase. On the other hand, any such "global" phase applied by one of the channels in Fig. 1 is only applied to the corresponding arm of the interferometer and therefore, in the overall controlled circuit, becomes a "relative" phase with physical significance. In the case where the channels C 0 and C 1 are unitary, the fact that Fig. 1 is only defined up to such a phase on the unitaries is well known [27, 33] .
What we find here, however, is that the output of the interferometric circuit depends not only on such "global" phases that the two channels may apply, but also on a more detailed description of the implementation of the channels. More precisely, the additional information required to fully specify the action of the channels is encoded in the matrices T 0 , T 1 introduced in Eq. (6); see Fig. 2 . We call these the "transformation matrices" of the channel implementations. In the description above in terms of a Stinespring dilation, these depend not only on the set of Kraus operators used to decompose the
A corrected version of Fig. 1 in which the description of the two black box operations inside the interferometer, implementing the channels C0 and C1, have been supplemented by the transformation matrices T0 and T1 which capture the necessary additional information about the implementation of the channels to fully specify the output state ρ ct out .
channel, but also on how these are combined (with coefficients that depend on the environment states) to define
Let us emphasise that as any channel can be purified in a form that is equivalent to a Stinespring dilation [32, 35] , the description above is fully general (it applies indeed also, for instance, to channels realised as a random mixture of unitary operations, as considered previously).
In the Appendix, we characterise completely the transformation matrices T obtainable from some realisation of any given channel C, by deriving a general constraint expressed in terms of the Choi representations [37] of C and T -see Eq. (A9). For a d-dimensional fully depolarising channel, for instance, this constraint simplifies to
Under this constraint, applied to both T 0 and T 1 , Eq. (6) characterises all possible output states that one can obtain from the setup of Fig. 2 , for any implementation of the channels C 0 and C 1 ; a change of implementation for either channel leads to a non-equivalent global operation on the full circuit.
Finally, we note that in the quantum switch scenario described earlier, no such dependence on the implementation of C 0 and C 1 exists. Indeed, as was already noted in Refs. [1, 2] , the output of the switch is independent of the Kraus representation of the channels used. This is in fact true in any setup in which each channel is applied once and only once to the target system irrespective of the state of the control, as any information about the implementation is applied globally to the target and is therefore inaccessible (see Appendix). This also implies that the quantum switch is a "quantum supermap" [38] , which allowed the authors of Ref. [2] to construct a resource theory of channels where the quantum switch is a free operation.
Distinguishing different implementations of coherentlycontrolled channels.-This dependence of the output of the circuit of Fig. 2 on the implementation of the channels means that it is also possible to differentiate between two distinct implementations of the same channel with different transformation matrices.
To see this, consider the case where the channel C 0 has a single, fixed implementation with a transformation matrix T 0 , while the channel C 1 can have two different possible implementations, with T 1 = T 1 . For a given target input state ρ t in , the overall process may correspondingly output two different states ρ ct out and ρ ct out according to Eq. (6). If T 1 and T 1 are equally probable, then the maximal probability of successfully distinguishing the two output states-and thereby the two implementations of C 1 -is [39] . In the Appendix we show that
(where · 1 and · 2 are the trace norm and the spectral norm, respectively), and that this upper bound can be reached with C 0 = I, T 0 = 1 and by taking the input
It is indeed well-known, for instance, that the interferometric setup of Fig. 2 allows one to perfectly discriminate whether the lower arm applies the operation |ψ t → |ψ t or |ψ t → − |ψ t (i.e., to distinguish two opposite phases introduced on one arm only), even though these both correspond to the identity channel C 1 = I (but with T 1 , T 1 = ±1). As another, perhaps more interesting example, consider the case where C 1 = N is the fully depolarising channel, with the two possible transformation matrices
, so that these two implementations of the same depolarising channel can now be distinguished (with C 0 = I, T 0 = 1, ρ t in = |0 0| t ) with probability
. Discussion.-Coherent control of quantum channels was previously shown to be a resource for communicating through noisy channels in the technique of "error filtration". In particular, when each channel introduces random phase errors, it allows one to increase the probability of filtering out these transmission errors by measuring the control system and postselecting on a particular outcome [5] . Our analysis, following that of Ref. [2] , showed how coherent control of channels provide more general communication advantages, increasing the capacity of transmission in the absence of postselection and even in the extreme case of completely depolarising channels. This information gain could be of great use in more general error correction and mitigation scenarios, both for quantum communication and computation.
While we focused on depolarising channels to illustrate the ability for two coherently controlled zero-capacity channels to transmit information, this is not the only case where one should intuitively expect no communication to be possible. Indeed, any constant channel has zero capacity [30, 31] and similar conclusions can be drawn for any such channel. Furthermore, while this situation allows for the communication of classical information, we note that the authors of Ref. [2] also recently investigated the transmission of quantum information through a quantum switch that puts two dephasing channels in a superposition of orders [40] . In fact a similar observation can be made, that the advantage found there with the quantum switch is also present in the analogous scenario of Fig. 1 ; see Appendix. It would be interesting to investigate further the implications of our findings for the transmission of quantum information through coherently controlled channels.
As we observed, the output of the circuit of Fig. 1 depends on the implementation of whatever channels are used-as made explicit in Fig. 2 . This stands in contrast to the usual paradigm of quantum channels, where a channel is defined, for instance, by a particular set of Kraus operators, and all sets of Kraus operators giving the same channel (i.e., the same CPTP map), as well as all purifications of a quantum channel, are equivalent. Instead, by exploiting quantum control it is in fact possible to extract information about how a channel is implemented. This has implications for the secure use of quantum channels. Indeed, security analyses should take into account the ability to coherently control channels, since this may reveal additional information that would otherwise be inaccessible to any user. Conversely, the extraction of information about a channel implementation could also be used to characterise communication errors arising from the environment.
Our results thus show that the notion of coherently controlling quantum channels-and, by extension, their actions when composed in circuits-is, by itself, illdefined. Nevertheless, the setups in Figs. 1-2 that we have considered in this work are perfectly realisable experimentally; indeed, they are less demanding than implementations of the full quantum switch [10] [11] [12] [13] and could directly be realised, for example, by modifying the setup of Ref. [20] used to verify the results of Ref. [2] . Our observations here add to the call (e.g., in Ref. [21] for the control of unknown unitaries) for a generalisation of the standard paradigm of quantum circuits to describe experimentally conceivable situations, that would include the possibility for operations to be quantum-controlled, or more generally to be applied on subspaces only. In the situation we considered, we saw that (generalised) quantum channels could be defined not only by the CPTP maps they induce, but also by the "transformation matrices" T introduced above; it is indeed only when the T matrix associated to a given implementation of each channel in Fig. 2 is also specified that the operation of the global circuit is completely defined. We expect that this approach can be used for more general situations than the one investigated here, and leave its possible generalisation for future work.
Another possible direction, towards a new paradigm for (at least, causally ordered) quantum circuits, may be inspired by the study of quantum causal models as in Ref. [41] . We note indeed that our presentation of coherent control of channels fulfils the final condition of their Theorem 3 (see also their Fig. 6 ); as there, each of our H ct 1/0 spaces within the direct sum Hilbert space factorises into control and target spaces. This therefore gives a different model for coherent control of channels that clarifies both the impact of the target system on the control (as the means by which information is transmitted, e.g., through the depolarising channels), and also how information about specific unitary purifications of channels is contained in the output system.
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APPENDIX Characterisation of the possible transformation matrices T of a channel C
Here we characterise completely the transformation matrices T that can be obtained by some implementation of a given channel C, before presenting some examples for specific channels of interest. To this end, we first recall some details about the Choi isomorphism which will allow us to concisely state and prove our characterisation.
Choi isomorphism
For any given operator T : H I → H O from some input Hilbert space H I to some output Hilbert space H O (which, for simplicity, we both take to be finitedimensional), one can define its Choi vector representation [37] as
where {|m } m is a fixed orthonormal basis of H I and |1 := m |m ⊗ |m . Reciprocally, it is easy to see that given a Choi vector |T ∈ H I ⊗ H O , one can recover its corresponding operator T :
where {|n } n is now a fixed orthonormal basis of H O , and where m, n| = m| ⊗ n|.
In a similar way, one can define the Choi matrix representation of any given channel C from L(H I ) to L(H O ) (with L(H) denoting the space of linear operators over the Hilbert space H) as
where I is the identity channel. The channel C is recovered from its Choi matrix as follows:
where Tr H generically denotes the partial trace over a Hilbert space H, T denotes transposition in the chosen basis {|m } m , and where for clarity the superscript in 
Written in this form, it is indeed clear that C is Hermitian positive semidefinite; the constraint that Tr
We further note that all the |K i 's are necessarily in the range of C: |K i ∈ range(C) ∀ i.
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General constraints on the transformation matrices
Consider a channel C, with its Choi matrix C, and let us denote by C + the Moore-Penrose pseudoinverse of C [42] . As C is positive semidefinite, its pseudoinverse is also positive semidefinite and can be obtained as follows: diagonalising C in the form
In the case where T = i ε 0 |i K i is the transformation matrix for a given implementation of the channel 4 This can easily be seen, e.g., by introducing the projector Π ⊥ C onto the orthogonal complement of C, and by noting that
Note that this diagonalisation of C is of the form of Eq. (A5), so that the operators C k = m,n m, n |C k |n m| thus obtained define valid ("canonical") Kraus operators for the channel C.
C, we have that its Choi vector |T
where in the second line we used the Cauchy-Schwartz inequality, in the third line we used the fact (due to the normalisation of |ε 0 ) that i | ε 0 |i | 2 ≤ 1, and in the fourth line we made use of Eq. (A5) and of the fact that the Moore-Penrose pseudoinverse satisfies C + CC + = C + . From Eq. (A6) it then follows that
Conversely, suppose that an operator T satisfies |T ∈ range(C) and T | C + |T ≤ 1. We will see that such a T is the transformation matrix obtained from a particular implementation of the channel C. Consider indeed the diagonalisation C = k |C k C k | introduced already, and define the coefficients ε k :=
so that the ε k 's define valid (subnormalised) coefficients, allowing us to define the initial state |ε 0 of the environment such that ε 0 |k = ε k . One then finds
(where we used the assumption that |T ∈ range(C) and the fact that CC + is the orthogonal projector onto range(C)). Equivalently, k ε 0 |k C k = T , so we see that the transformation matrix for the particular implementation of the channel C obtained from the Kraus operators {C i } i and the initial state |ε 0 of the environment specified above, and using the Stinespring dilation technique as in the main text is indeed T , as desired.
From these observations, one can thus characterise the set T C of all possible transformation matrices T of a given channel C as
The Choi matrix of an identity channel I is I = |1 1|
(in any dimension); its range is the span of |1 only, and its Moore-Penrose pseudoinverse is
Eqs. (A9) and (A2) imply that
Any such T = α1 with |α| ≤ 1 can indeed be obtained by taking for instance {K i } i = {K 0 = 1} and ε 0 |0 = α.
As one can see, even the identity channel does not define a unique transformation matrix. The freedom one has on its possible transformation matrices is not just due to a possible global phase (which would just restrict α above to |α| = 1), but also to the possible coherent control of some operation |ψ t ⊗ |ε e → |ψ t ⊗ |0 e that (while acting trivially on the target system) acts nontrivially on the environment. Note that Eq. (A10) generalises straightforwardly to any unitary channel U : ρ → U ρU † , whose possible transformation matrices are of the form T = αU with |α| ≤ 1. 
can indeed be obtained by taking for instance the set of Kraus operators
i=0 (where the U i 's are again orthogonal unitary matrices) and |ε e such that ε 0 |i = U i |T = Tr[U †
i T ]. Combining the channels I and N , the Choi matrix of a partially depolarising channel (as considered, e.g., in Ref. [2] ) N (q) := q I + (1 − q) N , with 0 ≤ q ≤ 1, is
its range is again the full Hilbert space H I ⊗ H O ; its Moore-Penrose pseudoinverse then coincides with its inverse, and is found to be N
Any T satisfying the above constraint can for instance be obtained with the Kraus operators {K 0 = √
ing a set of orthogonal unitaries that contains U 0 = 1)
Consider, as another example, the partially dephasing qubit channel in the Pauli σ z eigenbasis-or phase-flip channel-Z (p) (ρ) := (1 − p) ρ + p σ z ρσ z with 0 ≤ p ≤ 1 (which is completely dephasing for p = 
Any such T = α √ 1 − p 1 + β √ p σ z with |α| 2 + |β| 2 ≤ 1 can straightforwardly be obtained, for instance, from the Kraus operators
taking ε 0 |0 = α and ε 0 |1 = β. Similarly, the set of possible transformation matrices for the partially dephasing qubit channel in the σ x eigenbasis-or bit-flip channel-X (p) (ρ) :
and any such T = α √
with ε 0 |0 = α and ε 0 |1 = β.
Communication of classical and quantum information through coherently controlled depolarising and dephasing channels
Holevo information of the coherently controlled depolarising channels
In this appendix we look at how much (classical) information can be transmitted by coherently controlling two depolarising channels (i.e., in the scenario of Fig. 2 with C i = N i ). Recall that the Holevo information of a channel C quantifies how much classical information can be transmitted through a single use of C from a party A to another party B. It is defined as χ(C) := max {pa,ρa} I(A; B) ν , where I(A; B) ν is the quantum mutual information calculated on the state ν := a p a |a a| A ⊗ C(ρ a ) B [30, 31] (i.e., I(A; B) ν = H(A) ν + H(B) ν − H(AB) ν , where H(X) ν is the von Neumann entropy of the system X ∈ {A, B, AB} in the state ν). χ(C) provides a lower bound for the classical capacity of a quantum channel C. Let us focus now, for the sake of illustration, on qubit target systems and channels. A concrete example of interest is the case in which the depolarising channels are both implemented as a randomisation over the four Pauli operators 1, σ x , σ y , σ z , giving the transformation matrices T = 1+σ x +σ y +σ z (this was the implementation realised experimentally in Ref. [20] ). Taking, for instance,
0.12, which is a significant increase over that obtained by the depolarising quantum switch for qubits.
Although this may be a particularly natural implementation of the depolarising channels, one can do slightly better by taking the transformation matrix for each depolarising channel to be T = We note that the fact that the lower bounds obtained here exceed the Holevo information for the (qubit) depolarising quantum switch obtained in Ref. [2] is perhaps not so surprising given the differences between the scenario in Fig. 2 and that of the quantum switch. Indeed, in the scenario we consider, the target system only goes through the depolarising channels (in a superposition) a single time, while in the quantum switch the target system always goes through both channels (in a superposition of different orders). Thus, one may intuitively expect the target system to be less "degraded" in the scenario considered here.
Quantum information transfer through coherently controlled dephasing channels
Here we look at how much quantum information can be transmitted through two coherently controlled complementary dephasing channels. Recall that the quantum information that can be communicated through a channel C from some system A to some other system B is quantified by the quantum capacity Q(C) [43] [44] [45] . A lower bound on Q(C) is given by the coherent information
, where the maximisation is over all states ν 0 ∈ L(H A ⊗ H A ) of a bipartite system comprising A and a reference system A isomorphic to A, and with ν := (I ⊗ C)(ν 0 ) ∈ L(H A ⊗ H B ) [30] .
A further lower bound on Q (1) (C) can of course be obtained by choosing any specific state ν 0 .
Consider, as in Ref. [40] , the case where the channels C 0 and C 1 in Fig. 2 are (two-dimensional) phaseflip and the bit-flip channels Z (p) and X (p) , respectively (for simplicity we take the same mixing parameter p for both channels). The possible transformation matrices for these channels are characterised by Eqs. (A13) and (A14). Taking T Z (p) = √ p σ z and T X (p) = √ p σ x (i.e., taking α = 0, β = 1 in Eqs. (A13)-(A14)), and writing
, we find, from Eq. (6) , that
This allows one to calculate ν := (I ⊗ M (Z,X ,p) )(ν 0 ), and then H(B) ν − H(AB) ν , for any choice of ν 0 . By taking the maximally entangled state ν 0 = |Φ + Φ + | with
where H 2 is the binary entropy function
This lower bound on the quantum capacity is larger than that obtained in Ref. [40] for the full quantum switch with phase-flip and bit-flip channels. Remarkably, our bound is positive for all values of p-in particular, it takes the value − 0.31 for p = 1 2 , i.e., for fully dephasing channels (which, by themselves, cannot transmit any quantum information). It is also larger than the quantum capacities of each channel Z (p) and X (p) individually-and thus violates the "bottleneck inequality" considered in Ref. [40] -for all p. In comparison, the bound obtained in Ref. [40] with the full quantum switch was positive only for p 0.13 and p 0.60, and was larger than Q(Z (p) ) or Q(X (p) ) only for p 0.62. As for the Holevo information, we remark, however, that it is perhaps not surprising that we obtain a higher bound on the quantum capacity in our scenario, given the differences between it and the quantum switch.
Channel implementation independence for the full quantum switch and other quantum processes
For the case of the full quantum switch, each of the two channels C 0 and C 1 , with Kraus operators {K i } i and {L j } j , is applied once and only once on the target system. Considering a purified version of the channels via a Stinespring dilation, as described in the main text, the state at the output of the interferometer (see the inset of Fig. 1 ) reads
In contrast to the output state (5) for the circuit of Fig. 2 , no terms appear in which either environment is untouched and remains in its initial state. After tracing out the environments, one obtains
which depends neither on the initial state of the environments, nor on the sets of Kraus operators chosen to describe each channel. Indeed, for any other Kraus representations {M r } r of C 0 and {N s } s of C 1 , one has K i = r u ir M r and L j = s v js N s , where u ir and v js are the elements of unitary matrices [32] . We thus obtain i,j 
where each F (K appears once and only once, in possibly different orders (e.g., for the quantum switch: |Ψ in = |+ c ⊗ |ψ in t and
. For any such transformation, a similar calculation as for the full quantum switch can be conducted, which shows that after tracing out the environments, the final output state does not depend on the choice of Kraus operators, nor on the initial states of the environments.
We note that the assumption that each channel is applied-or that "each party acts"-once and only once is at the core of the process matrix framework [6, 46] . This justifies, beyond the particular case of the quantum switch, that the situations described by process matrices do not depend on any specific implementation of the channels (or of more general quantum operations) applied by each party, but only on the description (e.g., in terms of Kraus operators) of the induced completely positive maps.
Distinguishing different implementations of coherently-controlled channels
In this appendix we show that the trace distance between the output states ρ 
